
N O N R E S O N A N C E  P A R A M E T R I C  I N T E R A C T I O N S  O F  S U R F A C E  W A V E S  

IN I S O T R O P I C  S O L I D  B O D I E S  
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A so lu t ion  in p a r a m e t r i c  a p p r o x i m a t i o n  i s  g iven  of  the  n o n l i n e a r  i n t e r a c t i o n  p r o b l e m  of R a y -  

le igh  s u r f a c e  w a v e s  p r o p a g a t i n g  in a so l id  body with g iven  e l a s t i c  f i e l d s .  S h o r t e n e d  e q u a t i o n s  
tha t  g o v e r n  the  m o d u l a t i o n  e f f ec t  of  the s u r f a c e  w a v e s ,  and a l so  e x p r e s s i o n s  for  the m o d u l a -  
t ion index in t e r m s  of  the  t h i r d - o r d e r  e l a s t i c i t y  cons t an t ,  a r e  ob t a ined .  

1. The  g e n e r a t i o n  of  h i g h e r  h a r m o n i c s  has  only  been  a n a l y z e d  in l i t e r a t u r e  out  of the  m a n y  n o n l i n e a r  
e f f e c t s  which t ake  p l a c e  when s u r f a c e  w a v e s  a r e  p r o p a g a t e d  in so l id  b o d i e s .  T h i s ,  h o w e v e r ,  d o e s  not e x -  
h a u s t  a l l  the n o n l i n e a r  e f f e c t s ;  i t  i s  of  s o m e  i n t e r e s t  to s tudy i n t e r a c t i o n s  be tw e e n  s e v e r a l  s u r f a c e  w a v e s  
a s  wel l  a s  the  i n t e r a c t i o n  be tween  the  s u r f a c e  w a v e s  with the  i n t e r i o r  e l a s t i c  f i e l d s  of  the  so l id  m e d i u m .  
In the  p r e s e n t  a r t i c l e  a t h e o r e t i c a l  a n a l y s i s  i s  c a r r i e d  out  of the  p a r a m e t r i c  i n t e r a c t i o n s  be tw e e n  R a y l e i g h  
s u r f a c e  w a v e s  and the v o l u m e  e l a s t i c  f i e l d s  which  s a t i s f y  b o u n d a r y  c o n d i t i o n s .  

The  a n a l y s i s  can be c a r r i e d  out  by u s i n g  a s y m p t o t i c  m e t h o d s  a s  i t s  b a s i s .  To t h i s  end one has  to 
so lve  a s y s t e m  of  n o n l i n e a r  wave  e q u a t i o n s  with a p p r o p r i a t e  b o u n d a r y  cond i t i ons .  

The  p r o b l e m  i s  f o r m u l a t e d  a s  fo l lows :  l e t  on the  so l id  b o d y - v a c u u m  i n t e r f a c e  a R a y l e i g h  wave  be 
p r o p a g a t e d  in the d i r e c t i o n  of  the  x a x i s  (the u s u a l  C a r t e s i a n  c o o r d i n a t e  s y s t e m  i s  used)  which  i s  u n i f o r m  
in y,  but nonun i fo rm in z (the n o r m a l  v e c t o r  to the  s o l i d - b o d y  s u r f a c e  i s  d i r e c t e d  a long  the  z ax i s ) .  An a r -  
b i t r a r y  e x t e r n a l  m o d u l a t i n g  f ie ld  ( s a t i s f y i n g  s u i t a b l e  b o u n d a r y  cond i t ions )  which  c h a n g e s  s lowly  in s p a c e  
and in t i m e  when c o m p a r e d  with the  o s c i l l a t i o n s  of  the po in t s  in the  R a y l e i g h  wave  a c t s  upon the so l id  body.  
The  p r o b l e m  is  r e d u c e d  to the f ind ing  of the  c o m p l e x  a m p l i t u d e  of  the R a y l e i g h  wave .  When L a g r a n g e  v a r i -  
a b l e s  a r e  u s e d  the  s y s t e m  of  n o n l i n e a r  wave  e q u a t i o n s  fo r  th i s  c a s e  i s  g iven  by 
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(1.1) 

w h e r e  K i s  the  u n i f o r m - c o m p r e s s i o n  m o d u l u s ,  # i s  the s h e a r  m o d u l u s ,  T ik  i s  the n o n l i n e a r  p a r t  of  the 
s t r e s s  t e n s o r ,  u i a r e  the  c o m p o n e n t s  of  the  d i s p l a c e m e n t  v e c t o r  (the s u b s c r i p t  1 c o r r e s p o n d s  to x,  2 ~ y ,  
3 ~ z). The  b o u n d a r y  c o n d i t i o n s w h i c h  c o n s i s t  of the  a b s e n c e  of  f o r c e s  n o r m a l  to the  s u r f a c e  of the  so l id  
body a r e  g iven  by [11 

(rii~n;~ : 0 for z---- 0 (1.2) 

w h e r e  n k i s  the  v e c t o r  n o r m a l  to the  b o u n d a r y  of  the  so l id  e l a s t i c  m e d i u m .  In th i s  c a s e  wi th  n o r m a l  in the 
d i r e c t i o n  of  z one h a s  the  r e l a t i o n s  

~Yxz ~ Oyz : Gzz : 0 ~1.3) 

w h e r e  Crik i s  the  c o m p l e t e  s t r e s s  t e n s o r .  
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By us ing (1.2), (1.3) and in view of the fac t  that  the wave is  un i form in y ( tha t i s ,  O / D y = O )  one can ob-  
ta in  boundary  condi t ions  fo r  z : 0, 

lau~ , Ous\ 
P" k~7  ~- -gO) = - T,~ 

(1.4) ( 4 ,o.~ ( 2 ,o~,, 
g ~ y g ] - g T +  K - - - ~ F ~ ) - g - Z - = - - T 3 a  

The problem is thus r e duc e d  to the solving of  Eq. (1.1) with the boundary  condi t ions  (1.4) for  a given 
modula t ing  field u m . 

Before  tackl ing this  non l inea r  p rob lem the solut ion of the l i nea r  p rob l em,  that is ,  the solut ion of  the 
sys t em (1.1) toge the r  with (1.4) in the case  of a vanish ing  r i g h t - h a n d  side,  is  wr i t t en  down in the fol lowing 
fo rm:  

u~ = Re (a le  . . . .  ~- a ~ e " ' Z ) e  i (~ 

ua = lie ( ip~ale TM + ip2a~eX'Z)e i(''~-~x) 
(1.5) 

where  a s and a 2 a re  cons tant  ampl i tudes  and 

O) "~ 0)" 0)~ - -  Cl~ka k 
U~ " z = k  s - - ' ' z c z  ~ ,  Z~ ~ =  k S - -  ~ctZ, P l  = - -  •  , P ~ =  • 

[(K + ,I~ ~)]'/:. ~ ..: (~ip,)'/.) 
(~ =~ Vo 

k is  the wave number ,  c l i s  the ve loc i ty  of  the longitudinal  waves ,  c t the ve loc i ty  of the d i s p l a c e m e n t  waves ,  
P0 is  the dens i ty  of the und i s tu rbed  m e d i u m .  F o r  a wave  which i s  un i fo rm in y the condi t ions  of the l inear  
p rob lem a r e  sa t i s f ied  if 

a s = a~S (5"=--  t2~'P~-4- ,oaall (1.6) 

and the c o r r e s p o n d i n g  d i s p e r s i o n  equat ion  has  a solut ion of the fo rm 

r -= c~ki (1.7) 

where  ~ is a constant  value s m a l l e r  than unity.  

2. The solut ion of nonl inear  i n t e rac t ion  of a Rayle igh  wave and a modula t ing  e l a s t i c  field is sought 
in p a r a m e t r i c  fo rm,  name ly  

ul(x, t) = Re Ia l (x ,  t) e ~,~ + a2(x, t) e ~'~] e i('~t-~x)+u re(x, y , z ,  t) + ~ * w  1 (2.1) 

u3(x, t) = Re[ipla l (x ,  t) e ~,z + ip~a 2 (x,  t) ex,zle ff~t-~x) + u "n (x,  y ,  z ,  t) + ~*w~  

where  a~(x, t) and az(x , t) a r e  slowly va ry ing  funct ions of x and t, # * is a d i m e n s i o n l e s s  p a r a m e t e r  in the 
sense  of  the acous t i c  Mach number ,  (P* : u / X ) ; w  i is a r e s i d u a l  t e rm which t akes  into account  the fact  that  
the approx ima te  solut ion (2.1) is not  exact .  By in se r t i ng  (2.1) in t l .1) and c o m p a r i n g  the coef f i c ien t s  of 
e i twt-kx) a f te r  expans ion  in F o u r i e r  s e r i e s  one can obtain the equa t ions  for  wi, 

(cl"-k 2 -  co s) w l  s Oaw~ Ow3 {~ Oa~ Oa~ - -  c t ~ ~. i k  (cl 2 - -  c~ 2) ~ = \ ~ ' 1 1 - 8 7  - t -  a l ~  "~x @ 

+ ~13 W + F n  e~'~+ ~lt W -- ~ls ~-;~ + ~13~7 + FI~ e~"~ 

(c/SkS _ ~ s )  w3 _ 2 0Zwa 0Wl : ] Oal �9 as2"~-Oal _~_ c~ ~ + ~k(cz 2 - -  ctS) ~ 7  l a2~ ~- " 
(2.2) 

+ a2.~"~-~ ~ F13 e ~'~ + ~2t "~- + ~2s ~ + ~23 ~ + F.n e ~'~ 

( :q l  = - -  2 ~ ,  ~'n = ~ ~k [2ct2 - -  p~a (et2 _ cta)] ' ~1~ = kp~ (c~ a -t- c~ a) 

~2, = 2pto), a ~  = kp~ (ClZ ~, eta), a~..~ = ik  12pfZct 'z - -  ( e l  z - -  c ta) ] 

~n = - -  2~a), ~n = - -  ~k,o~ (ct~ +cta),  ~ = k [2ct. ~ .~_ O.~a (c~ - -  eta) ] 
pa 
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k .~..,~ = 2p..,03, ~z~:- ,o~ [2p2~c[" + (c'~ - c[-'], a:a -. ,a. (,.1'-' + rt~)) 

w h e r e  F i k  a r e  F o u r i e r  c o e f f i c i e n t s  o b t a i n e d  by a v e r a g i n g  the r i g h t - h a n d  s i d e s  of Eqs .  (1.1). In the d e r i v a -  

t ions  of  F i k  one m a k e s  u s e  of  the  i n e q u a l i t i e s  

O~ai ~ Oal 
at < ' ~  I a'l 

(2.3) 
! o'-',C 0,,7' I x~7' 10.7'1 

The c o e f f i c i e n t s  F i k  a r e  g iven  by the  r e l a t i o n s  

F n ,  F s x - - < F i >  {i--1.3,  y =  • A ~ = a l ,  A~=0,  A a = i p : a l }  

FI=, F.~= --  < F i >  {i --  t .3; y=-• Ai=a2;  A2==0, Aa=ip~a=} 

; . ~ -1 "(nell ~ - -  k%lt O-'77 -;- TeAt az z 

a,, :  a,,? _ 2 i k T & ~ )  + - -  2kee.li 0x - .  2 T 2 A i ~  - -  2ikTA i 

,,, a,.m 0,,7' 0.7' 
�9 : [\K -.- "~u + T"I -,-' B ) [ _ _ k a 5 , i A , ~  + T~SaiA, "-0T-z--ilcT6,1A, az (2.4) 

"a,,'," o,,.~ e,r e~? 
�9 " 7#~=- ~ ~ : 

- -  tkTSa,A t - -  iRT Aa - -  k~ A1 - -  ilcT A x --3-7: -{',- 

-t" 'r2.'la - a T / 9  K - -  * . ~  - ~  B { , , - -1r  ~ -}- ~2A i + 

. 1 ~ ,  o ~ "  o~.~ o. . ' :  . 0 , , 7  
- ( B  -'.- - T ) ( - - k 2 A ,  ~ + T2A, ~ - ! -  7ef , iAt  ~ - - z k ' r A ,  T~.i 

a , , ?  . 0.7 0~7 
- -  k251iAt ~ - -  t lcTAs-~i - -  ikTS.~iAl ~Ox l 

�9 a..~"~ ' a,,'~ . a u ?  a~7` o .7 '  

It f o l l ows  f rom (2.2) that  the  d i f f e r e n t i a l  o p e r a t o r  a c t i ng  on the le f t  s ide  on W i i s  i d e n t i c a l  with the 
c o r r e s p o n d i n g  d i f f e r e n t i a l  o p e r a t o r  fo r  the l i n e a r  p r o b l e m .  The  func t ion  w i now c h a n g e s  " r a p i d l y "  with z, 
that  i s ,  the s p a c e  s c a l e  of w i wi th  r e s p e c t  to z i s  of the o r d e r  of  the w a ve l e ng th  ~ .  The  e q u a t i o n s  fo r  w~ 
and w:3 fo rm a q u a s i l i n e a r  in z n o n a u t o n o m o u s  s y s t e m .  The  f o r c e d  so lu t ion  of th i s  p r o b l e m  can be o b t a i n e d  
a s  a s u p e r p o s i t i o n  of  s o l u t i o n s  fo r  s e p a r a t e  c o m p o n e n t s  of  the a pp l i e d  f o r c e  on the r i g h t - h a n d  s ide  of  Eqs .  
(2.2). 

It was  shown in the theory  of as3,Tnptotic m e t h o d s  tha t  the  a p p r o x i m a t e  so lu t i on  (2.1) c o n v e r g e s  to the  
ac tua l  so lu t i on  if w i v a r i e s  with r e s p e c t  to the " r a p i d "  v a r i a b l e s  jus t  the s a m e  a s  d o e s  the  so lu t i on  of  the 
l i n e a r  p r o b l e m .  F o r  th i s  cond i t ion  to be s a t i s f i e d  i t  i s  r e q u i r e d  tha t  

~- (2.5) ll;.: = lU i (? " 

By s u b s t i t u t i n g  (2.5) into (2.2) an a l g e b r a i c  s y s t e m  for  wi ~ can be ob t a ined ,  n a m e l y  

tqu ' l  ~ + P,~v.- ~ = Q1, tr ~ + P2% ~ - Q*_ t2.6) 

The  d e t e r m i n a n t  fo r  the  s y s t e m  (2.6) v a n i s h e s .  If n o n a c c u m u l a t i o n ,  tha t  i s ,  b o u n d e d n e s s  of  wi ~ i s  r e -  
q u i r e d ,  and if  the c o n s i s t e n c y  cond i t ion  of the  s y s t e m  (2.6) i s  s a t i s f i e d ,  the  sought  s h o r t e n e d  e q u a t i o n s  fo r  
s lowly  v a r y i n g  a m p l i t u d e s  a I(x, t) and a2/x, t) can  be ob t a ined ,  

0,~ ~ . . . . . .  c['- 3a~ , i Q"pl  On.,. {. i l "n  - -  ptl"'z~ . 0 

On,. . ('~ an,,. . c t Oal ( F r , . -  . P'~t"3'-' 
t2.7) 

The r e l a t i o n  (1.7) w a s  t aken  into account  when (2.7) w a s  be ing  d e r i v e d .  It w a s  a s s u m e d  when d e r i v -  
ing  (2.7) tha t  the  s t r u c t u r e  of  the  m o d u l a t i n g  w a v e s  with r e s p e c t  to z r e m a i n s  the  s a m e  a s  for  the l i n e a r  
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p r o b l e m  but  the ampl i tude  changes  " rap id ly"  in z. 

3. The l a t t e r  m u s t  be taken  into account  when d e r i v i n g  the ave raged  bounda ry  condi t ions .  To ob ta in  
them one i n s e r t s  (2.1) into (1.4). C o m p a r i n g  the t e r m s  of the o r d e r / :  in the e x p r e s s i o n s  thus d e r i v e d  one 

can wr i t e  the sys tem for  w i as  

s Ouh c t  ~ i k c t ~ w ~  q~)~3 - i t)~ct s Oax . ~ Oa,~ 
- -  = , - ~  - -  t P : t  

�9 ~ Oa~ . ~0,~.~ t3 .1)  
"s0w3 -- ik(ct  ~ - -  2ct2) wx := (D3a --  t[91C l ~ tp2C! 

The boundary  condi t ions  a r e  w r i t t e n  do~aa for the su r face  z : O; the l a t t e r  should be taken into account  

when d i f f e r en t i a t i ng  with r e s p e c t  to z in  (3.1). The quan t i t i e s  4~ik in (3.1) a r e  the c o r r e s p o n d i n g  F o u r i e r  
coef f ic ien ts  obta ined  when a v e r a g i n g  the r i g h t - h a n d  s ides  of ( 1 . 4 ) o v e r  the rap id  v a r i a b l e s :  

fib:,, d93~=<Ti~) { i = 4 . 3 ;  k -3, Aa=a~ ,  A s = 0 ,  Aa=ip~a~, 
T = •  (Ti~> {t = 1.3, k = 3, A~ = as, As = 0, Aa:= ip~a~, T := • 

(Ti~.) (p, + A )  : Ou'~ Ou'~ Ou~ , 
: ( - - i k A ~ a ' ~ x  r - -  TA~6~t'~% --  ika~6x~ ~ ", 

ou'~\ ( K  2 B)  [ S i ~ ( _ i k A , ~ 5 ,  Ou,~ 

o.'{'1 A [ o,~  oJ~ . o~ 7 

o.~ o.? or 0. 7 
T A ~ 5 3 t O - ~ -  i kA~ 51~  

o~7 ~.,( 04" 0.7 . 0.~ 
+ '~ --ikAmSa,~ + TA.~6~n - -  -b + YAt63t ~ T ~ ~ - -  tkAnStm Oz. 

"- TA,~6am Ou,~] ] + 2 C ( _ i k A , S a  Our Ou'~', 

(3.2) 

The se l ec t ion  of the sys t em (2.2) is  g iven  as a sum of the g e n e r a l  so lu t ion  of the homogeneous  s y s -  
tem and of a p a r t i c u l a r  solut ion of the i nhomoge ne ous  sys t em (with c o n s i s t e n c y  condi t ions  taken into ac -  

count),  

wl = w'e x:  + w"e x:  

w3 ~ iPlw'e":  + i9~ w"e~'a + V1 ~n  + als--~ -- als-~z Y F n  • 

( 8ao. , - Oa, On.., )l,,.z 
• e . . . .  }- Vs .3n --~ -i- ~a2 ~ + ~13-~z + FI~ 

( v ~ =  - ' , v, k •  
kXl  ( c l2- -  C t 2) 

(3.3) 

where  w'  and w" a r e  cons tan t  a m p l i t u d e s  of the o r d e r  #*. 

F o r  (3.3) the bounda ry  condi t ions  (3.1) now become  

ct 2 (• + kp l )w '  -F c,2(• -4- kp~) w" = iVtl -~ -~- ~V12~ " -~ V13 \~-Z]  0 

{Oa2'~ , ct ~- (Fn)o ct2 (F,2)o 
§ *' \W}o-r ~3 F kp, (:.:- c?)+ k.o~.(h~--~?) 

i [cl%tPx-- k (c~ 2 -  2ct~)l w' + i [c~2• - -  k (el ~ -  2c:-)] w"= 0~ vn ~ + 

Oa . . /On, ~ + [Oa~ I ,c2 ICFu)o + CF,~L] 
+ ~ s  ~ ~- tvs3 [~-~ jo ivs~ \~:1o -F 033 - -  k (h~ -.  ~:) 

2 (cl ~ - -  px~cl~ + 9t2ct "~ + Splp2ct ~) ctz 2cta~ (t -p Sp]p2) vl2 - -  
v u  = - -  . P l ( c t ~ - - c t  ~ k ( c j  2 - c t  '~) 

(3.4) 
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ct  ~ [2ct  ~ "+ ( 9 " 2 - - 1 ) ( c ~  "~ - -  eta)] 2ct~ ct~ ( S "4- t )  2 c :  

Cz2 - -  Cl2 Cl2 - -  Ct 2 Ci2--- Ct2 

, 2crOci ~'9~ v ~  = c~ ~ [ (c?  - -  ct  ~) (1 - -  p ? )  + (1 + S )  (,=t ~ -  ct~)] v ~  = 
Ci2 I Ct 2 C? - -  r ~ 

- -  2Cf'2C? 

O.. (c~  - -  c ? )  : 

T h e  s t r u c t u r e  o f  t h e  q u a n t i t i e s  a~ a n d  a 2 i s  d i f f e r e n t  i n  z .  T h e  d e t e r m i n a n t  o f  t h e  s y s t e m  (3 .4 )  v a n i s h -  

e s  a n d  i t s  c o n s i s t e n c y  c o n d i t i o n  m a y  b e  r e g a r d e d  a s  s h o r t e n e d  b o u n d a r y  c o n d i t i o n s ,  

Oa Oa , :Oat \ . 

i (v n - -  nv2, ) ~ - -  i ('v,~ - -  nvz2) Uz -'- (v13 - -  n'v2~) \--~z )o + 

~lOa,z\ A-  1"?lf'[)33-~- ( c [ - ' - - n p l c / ' )  1I~ "~ I (e t ' zP~- -nc ta)  / F  \ (3 .5 )  

2ct~Px ) 
n 9~c? _ ctZ "~ 2c t i  ~x 

w h e r e  ( O a / O z )  o a n d  ( O a 2 / O z )  o a r e  d e r i v a t i v e s  w i t h  z a p p r o a c h i n g  0. 

4 .  T h u s  (2 .7 )  t o g e t h e r  w i t h  (3 .5 )  i s  a s h o r t e n e d  f o r m u l a t i o n  o f  t h e  p r o b l e m  o f  t h e  m o d u l a t i o n  o f  a R a y -  

l e i g h  s u r f a c e  w a v e  b y  a n  a r b i t r a r y  e l a s t i c  f i e l d .  T h e  s o l u t i o n  i n  t h e  b o u n d a r y  l a y e r  i s  i n t e r e s t i n g  i n  p r a c -  

t i c e  w h e r e  t h e  a m p l i t u d e s  o f  t h e  m o d u l a t e d  w a v e s  a r e  c o n s i d e r a b l e .  B y  h a v i n g  z ~  0,  a n d  c o n s i d e r i n g  ~2.7) 

u n d e r  t h e  c o n d i t i o n  (1 .6 )  o n e  i s  a b l e  to  o b t a i n  

Oax , _ ~ct~ !Oa c/'- Oa Z(Fu):,--p~(F:,fl~ 3, 

{ Oa._\ = ipz~ I S  Oa Sct Oa i (F,2),-  : p-.. (Fa'z.),,] 
L ' ~. o~ ~ - ( i - p , : )  J 

(4 .1 )  

T h e  s o u g h t  s h o r t e n e d  e q u a t i o n  w h i c h  d e s c r i b e s  s l o w  c h a n g e s  o f  t h e  c o m p l e x  a m p l i t u d e  o f  t h e  R a y l e i g h  

w a v e  a c t e d  u p o n  by  t h e  m o d u l a t i n g  f i e l d  u m i s  g i v e n  b y  

-~ r V b-; = a irt --Ugz -i- ~r2--~ -i- ~r.~-3- E -[- r4--~z "- r5 -b-:~ : 

(v=z,,[,,:.+,,,'~.~-:- 
. . . .  v .  i- v,~ .!- ,...v_z:- (v~ --  nv2.~) -~- (v,, --- .v~,) 
5,1 OlC z" 

(4 .2 )  

T h e  e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  r i a r e  a s  f o l l o w s :  

r l  =- ol.V:~ - -  O 2 N s  + ~I3A'T " -  a ~ N s  - -  o o 3 1 3  - -  nr  5 

r .  = o'aN 1 -4- ~2N~ + o'3oI:V l -~- (I45)2N2 -~- O'o."lt 1 - -  tlGoM z 

/'3 : -  O'IA:'I1 "]'" O'2N13-;" 0"3/~Y15 -7- (y4hrl7 -]" o 'oM8 - -  no'0Mlo 

r6, : - -  01N4 + o2N 6 i- a~Ns @ ~4N9 - -  OoJ~[4 - -  n60,']lGl 

r 5 .-- __ (h,Ylo - -  0"22V12 @ 0"3=~rl,t -~- 0"4s - -  00/]~ 7 - -  :lfJOl~] 9 

% [2Q 2 (t - -  ,0[9 (q'-' -:- n ~ : [ " )  - -  (el~ - -  el'-) (v13 - -  nv~3) ] 
Zl - -  2pz/cct" (I - -  .~12) (cz2 --- . t  2) 

z o [2ct2 (1 --  92 z) (ct"-'pz ... net'-' ) - -  Pz (Q" - -  :'t 2) (v~.4 --  nv~)] 
"n~ = 2kc t2 (t - -  p2 :~) (c ? - -  c t2 ) 

~o (v,.~ - -  nv,,.a) s,,p.: (v,, - -  nv.~,) 

o)"' ( ,t , ) ~o"- 
,'Vt -- -- ~ g - -  2 ~-  ~- 13 -i- 2C , :Y"- = - -  ~ ( g  - -  ~'/aJ "t -:7 B)  

N3 = • (2K -7- ~/al ..t -~- A -~ 4B + 2C) --/, ' :  (3K -- 4ix + 2A -i- 6B -f- 2C) 
N~ = pj• ( K  -]- a/six + 1/2,,t -]- B)  - -  p lk  2 (4K -[- xa/3o, i" 2A - .  4B) 
N s = - - k  ~ ] : / ap .+A ,2._2B) 
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"Vs = - -  k29~ (p. or- 112A --  B) - -  • (3K -I- 21, -'I- A .-1- 2B) 

- - k~ (~ t  + ' h A  + B ) - : - •  + 3B) 

F 

NT= 

Ns = - -  k2p~ (K _ %1 x + U2.'I + B) - -  k• (1~ + V2A + B) 

N9 = k 2 (It ~- 112.4 -F B) + • (K + 41~lX "i 112A "i B) 

Nlo - -  - -  ~0-,')! (K  __ 1"13[t --  Sl2A ~. 3B) + pl• + 1i2A %L B) 
Nn =. xj's. (2K ~- 5/:,~ _f. A -{- 4B 4- 2C) --  k 2 (K -- ~/a~ -~- 2B ~- 2C) 
Na2 = - -  k"~z (K + ~iap + 1/2A + B) - -  k• (Ix -}- ~!~A + B) 

N~a = k ~ ((~ -i i /,.A + B) - -  kx'z (p. + ~ IiA + B) 

Nv~ = • ~ (2K -- UaP- -~- i/zA + 3B) -- k 'z (K -i- 'thlX + X/~A + B) 

N~a = p~• ~ (3K + 41 t + 2A + 5B -4- 2C) -- l~k ~ (2K + ~/al x + A + 4B + 2C) 
$ 

Na~ -" z~k (2K q- '/~lx -}- A + 3B) - -  ~ k  ~ ( K -4- a]a~t -~- aluA -4- B) 

Mt : - -  • (K - -  'Z/ap, q- 2B)  - -  u~ ( K - -  ~lsl.t q- B _ 9~B) 

M,., = --  (• + x.apz) (K -- =laP" q- 2B) 

Ma = -- [• (K q- Uap. +" A q--2B)-q-• K-,t-~/au .-}- ~/aA + B) 7- @2(p. + */~A q-- B)I 

.lIl = --  [p~• (K q- ~/alJ. Jr- ~/=A -4- B) -- k (K q- ~laP. I- U=A q- 11) 1 

.1./a = -- [-- k (K -- z/~ _{.. 4B ,-}- 2C) q- p~x~ (K -- =/alx q-- 2B)] 
i i 

t~ 

.1Is . . . .  [• (K + :/au d- a/aA - f  2B)  & kp= (bt q- ~/~,-1 -i- 11) +. • (K - t/a,v. - -  ~i~A L B)] 

M9 = -- [z~ (K - aia~t - i  a[~A -}. 2B) 4- • (~ -}- a:',aA -[- B) + kp~. (K. t- x/a~ --' x/,tA -'- B)] 

.11~ . . . .  [• (3K a- 4t* ~- 2A .." 6B ~- C) ~- k (K __ ~/al* q- a/4A ~- 2B q- C)]) 

B y  a d o p t i n g  a c o m p l e x  a m p l i t u d e  a s  g i v e n  by  a = a0 e i (p ,  e q u a t i o n s  a r e  o b t a i n e d  f o r  s l o w l y  v a r y i n g  

a m p l i t u d e s  a n d  p h a s e s ,  

Oao Oa. , a,~ au~ -gT) at 
(4.3)  

W h e n  a n a l y z i n g  t h e  s y s t e m  (4.3) o n e  n o t i c e s  t h a t  in  c o n t r a s t  to  t h e  t h r e e - d i m e n s i o n a l  w a v e s  [2] a 

p h a s e  m o d u l a t i o n  a s  w e l l  a s  a m p l i t u d e  m o d u l a t i o n  o c c u r s  to f  t h e  s a m e  o r d e r  o f  e f f e c t )  w h e n  a R a y l e i g h  w a v e  

i s  p r o p a g a t e d  in  t h e  p r e s e n c e  o f  a m o d u l a t i n g  f i e l d  u m . To b e  a b l e  to a n a l y z e  in  d e t a i l  a s o l u t i o n  of  t h e  

s y s t e m  (4.3) s o m e  s p e c i f i c  f o r m s  o f  t h e  m o d u l a t i n g  f i e l d s  w i l l  b e  c o n s i d e r e d  s u c h  t h a t  t h e  b o u n d a r y  c o n d i -  

t i o n s  (1.2) a r e  s a t i s f i e d .  

L e t  t h e  m o d u l a t i n g  f i e l d  b e  a f i e l d  o f  u n i f o r m  d e f o r m a t i o n i n  a r o d  d u e  to t h e  t e n s i l e  f o r c e  P d i r e c t e d  

a l o n g  t h e  r o d  a x i s .  In t h i s  c a s e  t h e  f o l l o w i n g  r e l a t i o n s  a r e  v a l i d  [1]: 

0u7 P ( co :  0 - -  : sin ~0), 0.,~ ~ pz = E- ~ ( s in20 __ ~c~ Ou~' = -gF'z --= E 
(4.4) 

w h e r e  E i s  t h e  Y o u n g  m o d u l u s ,  a i s  t h e  P o i s s o n  c o e f f i c i e n t ,  0 i s  t h e  a n g l e  b e t w e e n  t h e  d i r e c t i o n  of  P a n d  

t h e  x a x i s ,  t h e  a n g l e  b e t w e e n  t h e  z a x i s  and  P b e i n g  e q u a l  to 90 ~ B y  i n s e r t i n g  t h e  r e l a t i o n s  (4.4) i n to  t h e  

s y s t e m  (4.3) and  by  i n t e g r a t i n g  a s o l u t i o n  of  t h e  f o r m  

PL q~ == % q - . ~ -  [rt (cos20 - -  z sin2 0) + rz (sin2 0 - -  z cos2 0) - -  rs~l (4.5) 

c a n  b e  o b t a i n e d  fo r  t he  s t a t i o n a r y  s t a t e  ( t =  t o + xPr 

One  n o t i c e s  w h e n  a n a l y z i n g  t h e  a b o v e  r e s u l t  t h a t  i n  t h e  c a s e  of  a u n i f o r m  s t r e s s  f i e l d  t h e r e  i s  no  

a m p l i t u d e  m o d u l a t i o n ,  a n d  f o r  a f i x e d  L t h e  p h a s e  of  t h e  R a y l e i g h  w a v e  i s  p r o p o r t i o n a l  to  t h e  p r e s s u r e  P .  

T h i s  r e s u l t  i s  s i m i l a r  to  t h e  c o r r e s p o n d i n g  s o l u t i o n  f o r  t h r e e - d i m e n s i o n a l  w a v e s  [2]. If P v a r i e s  in  t i m e ,  

o n e  c a n  o b t a i n  a s o l u t i o n  in a s i m i l a r  m a n n e r .  L e t  P = Po t ,  t h e n  by  u s i n g  (4.4) a s o l u t i o n  o f  ~4.3) i s  o b t a i n e d  

in  t h e  f o r m  
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, PoL ( L)  (4.6) q0 = % -r- "-~ [rl (cos 2 0 - -  .~ sin z 0) + r2 (sin 2 0 - -  z cos 2 0) - -  zrs] t + 

In t h i s  c a s e  t h e  p h a s e  o f  a R a y l e i g h  w a v e  c h a n g e s  a s  t h e  s q u a r e  o f  d i s t a n c e ;  the  f u l l  e x p r e s s i o n  f o r  t h e  

o s c i l l a t i n g  t e r m  in {2.1) i s  

t[ ] e i (o,t-~+~,) = exp (o + -'fiE" (r~ cos ~ 0 - -  rl~ sin 2 0 -4- r2 sin 2 0 - -  r~ cos 2 0~: - -  r3~) t 

[4.7) 
Pd-~ 2 1 

- -  k L  - -  ~-~v(rx cos 0 - -  rl~ sin t 0 + r~ sin 20 - -  rz~ cos 20 - -  rs$)~ 

It f o l l o w s  f r o m  (4.7) t h a t  the  f r e q u e n c y  of  a R a y l e i g h  w a v e  c h a n g e s  l i n e a r l y  w i t h  t h e  pa th  o f  t he  w a v e .  

L e t  u s  now c o n s i d e r  a s i n u s o i d a l  P .  L e t  1 ~ be  a u n i f o r m  s t a n d i n g  w a v e  in  a r o d ,  tha t  i s  

P = P0sinkmrcosf2t 

w h e r e  r i s  the  r a d i u s  v e c t o r ,  k m i s  t he  w a v e  n u m b e r .  

I n t e g r a t i n g  (4.3) and u s i n g  t4.4) the  f o l l o w i n g  e x p r e s s i o n  i s  o b t a i n e d :  

_ . % T T v ,  P~ 1(cos ~ 0 _ a s i n  2 0 ) - ,  r , ( s in  ~ 0 - z c o s  2 0 ) - r 3 z ]  • 

tsin A-L (- . - ~ c o s S i n  A*L + A+L) } X ~----X-zz--cos (.2t - -  kmr_L --[- A-L) (.Qt k,ara_ + 

a -  -- "Q -- kr, tV cos 0 A+ _ O -1 kmv cos 0 krara. =: king sin 0) 
2v 2v 

(4.8) 

It f o l l o w s  f r o m  (4.8) t ha t  a p u r e  p h a s e  m o d u l a t i o n  o f  a R a y l e i g h  w a v e  t a k e s  p l a c e  a l s o  in the  c a s e  o f  

t h r e e - d i m e n s i o n a l  w a v e s .  H o w e v e r .  s o m e  d i f f e r e n c e s  can  a l s o  be  p o i n t e d  out .  U n l i k e  t he  t h r e e - d i m e n s i o n -  

a! w a v e s  t he  e x c i t a t i o n  and r e c e p t i o n  of  R a y l e i g h  w a v e s  c a n  t a k e  p l a c e  at  any  p o i n t  of  the  s u r f a c e  o f  t he  
a c o u s t i c  r e s o n a t o r .  T h e r e f o r e ,  in t h e  c a s e  of  m o d u l a t i o n  by s t a n d i n g  l o w - f r e q u e n c y  f i e l d s  t he  m o d u l a t i o n  

i n d e x  of  R a y l e i g h  w a v e s  d e p e n d s  on  the  c o o r d i n a t e s  o f  t h e  p o i n t s  of  e x c i t a t i o n  and of  r e c e p t i o n .  T h e  i n t e g r a -  

t i on  in (4.3) d o e s  not  t a k e  p l a c e  o v e r  the  e n t i r e  l e n g t h  o f  the  r e s o n a t o r  a s  w a s  the  c a s e  w i t h  t h r e e - d i m e n -  

s i o n a l  w a v e s  but  b e t w e e n  x I and x 2, w h e r e  x~ and x 2 a r e  t h e  c o o r d i n a t e s  o f  t he  p o i n t s  o f  e m i s s i o n  and r e c e p -  

t ion  of  t h e  R a y l e i g h  w a v e s .  T h e  s o l u t i o n  f o r  t he  w a v e  p h a s e  i s  g i v e n  by 

P~ 1(cos z 0 - 5 s i i t  z0)  " r2(sin ~ 0 - o c o s  z 0 ) - r 3 z  ] x q~ = q)o + F--~v 
[siu A-L 

• I.--Tf=L-- cos (.o.t -~- k,,,x2 cos 0 + k,~ g sin 0 - i  A-L) -l- 
sin A+L 

cos (.Qt - -  kmxlcosO + kmgsin0 -r'. A+L)[ t 

r A+L 

(4.9) 

w h e r e  L i s  the  d i s t a n c e  t r a v e l e d  by the  w a v e .  

L e t  u m be  the  f i e l d  of  n o r m a l  e l a s t i c  w a v e s  in a p l a t e .  It i s  known f r o m  131 tha t  s u c h  w a v e s  sat isfy-  

t he  b o u n d a r y  c o n d i t i o n s  [1.2) .  W i t h o u t  l o s s  o f  g e n e r a l i t y  o n e  c o n s i d e r s  t he  m o d u l a t i n g  f i e l d  to be  an a n t i -  

s y m m e t r i c  d i s p ] a c e m e n t  w a v e  in t he  p l a t e .  T h e  f r e q u e n c y  of  o s c i l l a t i o n s  in t h i s  w a v e  i s  m u c h  s m a l l e r  

than  the  f r e q u e n c y  of  t he  R a y l e i g h  w a v e  e x t e n d i n g  o v e r  t he  p l a t e  s u r f a c e  in the  xy p l a n e .  In a c c o r d a n c e  

wi th  [3] the  c o m p o n e n t s  u i m  of  t he  d i s p l a c e m e n t s  a r e  g i v e n  in t h i s  c a s e  by 

u~: ~ = - -  u0 m sin0sin• (f2t - -  kmcos0x + kmsinOy) 

uu 'n = uo m cos0sin• cos (flit - -  k,,cos0x + k,~sin0!/) 
~rt 

U z = 0 

t4.10) 

w h e r e  u0 m i s  t he  a m p l i t u d e  of  t h e  m o d u l a t i n g  w a v e ,  0 i s  t he  a n g l e  b e t w e e n  the  x a x i s  and the  p r o p a g a t i o n  

d i r e c t i o n  of  the  m o d u l a t i n g  w a v e ,  x i s  t he  t r a n s v e r s a l  n u m b e r  of  t he  m o d u l a t i n g  w a v e  w h i c h  s a t i s f i e s  the  
d i s p e r s i o n  e q u a t i o n  

• + k,,2 : :  ~02/c 2 (4.11) 
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By i n s e r t i n g  t4.10) in to  i4.3) and i n t e g r a t i n g  one f inds  s o l u t i o n s  of  the fo rm 

0 kmu~Lsin AL .~ 
T = % -[- (r~ --  rl) sin Ocos v -AL s in (~ . t - - kmys inO AL) (4.12) 

w h e r e  A = A -  i s  g iven  in (4.8), and one a l so  t a k e s  into account  tha t  ~tb=Tr, b i s  the  p l a t e  t h i c k n e s s .  I t  f o l l ows  
f rom (4.12) tha t  h e r e  p u r e  p h a s e  m o d u l a t i o n  of  the  R a y l e i g h  wave  a l so  t a k e s  p l ace .  On the whole  t h e r e  i s  no 
m o d u l a t i o n  fo r  a n g l e s  0 = 0 and 90 ~ In a s i m i l a r  m a n n e r  one can a n a l y z e  m o d u l a t i o n  by us ing  o t h e r  f o r m s  
of  m o d u l a t i n g  f i e ld s  such tha t  the  b o u n d a r y  cond i t ions  (1.2) a r e  s a t i s f i e d .  I t  i s  noted tha t  in a m a j o r i t y  of 
c a s e s  in p r a c t i c e  the a m p l i t u d e - m o d u l a t i o n  e f fec t  d e s c r i b e d  by the f i r s t  equa t ion  of the  s y s t e m  (4.3) i s  not  
a t t a ined .  In s p e c i a l  c a s e s  when the  m o d u l a t i n g  wave  f a l l s  on the  s u r f a c e  z = 0 at  an ang le  t h i s  e f fec t  wi l l  
t ake  p l ace .  F o r  e x a m p l e ,  l e t  a l ong i tud ina l  e l a s t i c  wave  fa l l  on the  s u r f a c e  z = 0 at  an angle  0 to the  z ax i s  
f rom a so l id  m e d i u m .  It i s  a s s u m e d  tha t  the  length  of  the R a y l e i g h  wave  path  i s  s m a l l e r  than  the width of 
the  f ront  of the  m o d u l a t i n g  wave  and tha t  the phase  d i f f e r e n c e  in the m o d u l a t i n g  wave  be tw e e n  the  e m i t t i n g  
and the  r e c e p t i o n  p o i n t s  of the  R a y l e i g h  w a v e s  can be i g n o r e d .  In th i s  c a s e  the  to ta l  d i s p l a c e m e n t  u m can 
be r e p r e s e n t e d  in the f o r m  [1] 

u m = (uonoeik'~ q - u7 nze ~kt~ + u? tanll e %~) e ~n' (4.13) 

w h e r e  no, n e ,  and n t a r e  the  uni t  v e c t o r s  in the  d i r e c t i o n  of  the i n c o m i n g  long i tud ina l  wave ,  the r e f l e c t e d  
long i tud ina l  and the r e f l e c t e d  d i s p l a c e m e n t  wave  r e s p e c t i v e l y ,  u0 m ,  u / m ,  and utrn a r e  the  a m p l i t u d e s  of the  
c o r r e s p o n d i n g  d i s p l a c e m e n t s ,  and k 0, k l,  and k t a r e  the  wave  v e c t o r s ,  a i s  the  unit  v e c t o r  in the  d i r e c t i o n  
of z. The  abso lu t e  v a l u e s  of  the wave  v e c t o r s  a r e  g iven  by  k 0 =k l = f2/c/, k t =  f2/ct, and the a n g l e s  0o,0 l ,  and 
0 t a r e  r e l a t e d  by 

O0 = Ol, s inO,=  sin (Ooc,/c,) 

Using  (4.13) one can w r i t e  the  e x p r e s s i o n  for  oum/Ox a s  

Ou~'~/Ox = [ko (uo TM - -  it, TM) sinOocosOt q-  1/~u,'~kt(cos20, - -  sin2Ot)] sin.O.t 

w h e r e  the a m p l i t u d e s  u m a r e  g iven  by the e x p r e s s i o n s  

ct ~ Sin 20t sln 200 --  c 2 cos o . 20t 2ctc, sin 200 cos 20, 
U'~ = Ur~ ct'~in'20tsia20~176 , I Ur~ = U~ ct2sin2Otsin20o,~_, c 2cos.~O ' 

(4.14) 

By i n s e r t i n g  (4.14) in the  f i r s t  of Eqs .  (4.3) and i n t e g r a t i n g ,  one o b t a i n s  a so lu t ion  in the fo rm 

r3I.. sin f~Ll2v ( ~ ) 
(P = %-4- [ko(u~-4- u~)cos20o-~- tV~ktcos~O, sinOt] -~ -~L-]2"ff sin .Qt-- (4.15) 

One o b t a i n s  the  e x p r e s s i o n  

OUzm./Oz = [ko (uo" -4- u~ TM) cos20o q- ut2kt cos~OtsinOt] sinQt (4.16) 

for  ~uzm/Oz of t4.13). 

The so lu t ion  for  the p h a s e  i s  g iven  by 

i 2 ~'lr~LsiaQL/2v " ( Q . t _ _ ~ )  } (4.17) a~ =  ~ t [ko(Uo-  0ocos0o + T(cos 0. si . '  

In a c c o r d a n c e  with (4.15) and (4.17), both p h a s e  and a m p l i t u d e  m o d u l a t i o n  take  p l a c e  when a R a y l e i g h  
wave  i s  p r o p a g a t e d  in the f ie ld  of i nc iden t  l ong i tud ina l  w a v e s ,  of  r e f l e c t e d  long i tud ina l  and of  t r a n s v e r s a l  
w a v e s .  The  depth  of the  a m p l i t u d e  m o d u l a t i o n  and the index of the p h a s e  m o d u l a t i o n  depend  in d i f f e r e n t  w a y s  
on the a m p l i t u d e s  of the  m o d u l a t i n g  w a v e s  and t h e i r  a ngu l a r  r e l a t i o n s .  

I t  i s  noted that  the e f fec t  of n o n r e s o n a n c e  p a r a m e t r i c  i n t e r a c t i o n  be tween  s u r f a c e  w a v e s  and i n t e r i o r  
e l a s t i c  f i e l d s  in a so l id  m e d i u m  can be e m p l o y e d  for  p a r a m e t r i c  d i s p l a y  and fo r  e s t i m a t i n g  the  i n t e n s i t y  of 
t h e s e  f i e l d s .  
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